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TRIGONOMETRIC
BASIC TRIGONOMETRIC IDENTITIES :
(@  sin%0+cos’0 =1 ; -1<sin0 <1; -1<cos® <1 V 0eR
b  sec’0—tan’0 =1 |secO| >1 Vv 0eR
(c) cosec’0 —cot?’0=1 ; |cosec®]| >1 vV 0eR

IMPORTANT T’ RATIOS:

(a) sinnt=0 ; cosnm=(-1)" ; tannt=0; wherenel
. 2o+ (2n+Dr
(b) SiIn=——"—"— =-D" & oS = 0 where n el
— 5w
(c) sin 15° or sin L - @ = cos75° or cos —— ;
12 232 12
5o T L
cos or cos ;5 = Nl sin or sing,

Ql

3-1 3+
tan 15° = \/§+l =2-+3 =cot 75° ; tan7 °=ﬁ = 2+4/3 =cot 15°

T 2— T L o1 3n
d sin- = 22 ;. cos— = 212 ; tan— = 4/2-1; tan— = /241
8 2 8 %) 8 8
T —1 T 1
(e) sinT- or sinl8° = \/_5— & cos 36° or cos— = 5+
10 4 5 4

TRIGONOMETRIC FUNCTIONS OF ALLIED ANGLES :
If 6 is any angle, then —6, 90+£6, 1800, 270+ 0, 360+0 etc. are called ALLIED ANGLES.

(a) sin (—0)= —sin0 ;08 (—0)= cosHO

(b) sin (90°-0)=cos®  ;cos (90°—0) =sin0O

(©) sin (90°+0)=cos® ;cos (90°+0) =—sin0O

(d) sin (180°-0)=sin® ; cos (180°-0) =—cos 6

(e) sin (180°+0)=-sin0 ; cos (180°+0)=—cosO

® sin (270°—0)=—co0s 0 ; cos (270°-0)=—sin O

(2 sin (270°+0)=—-cos 0 ; cos (270°+0) =sin O
TRIGONOMETRIC FUNCTIONS OF SUM OR DIFFERENCE OF TWO ANGLES :
(a) sin (A £B) =sinA cosB + cosA sinB

(b) cos (A£B)=cosA cosB F sinA sinB

(©) sin?A — sin’B = cos?’B — cos?A = sin (A+B) . sin (A—B)
(d) cos?A — sin’B = cos?’B — sin?A = cos (A+B) . cos (A — B)
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cotA cotBF1
tan AiB:M cot(A+B)= —MM—
( ) 1 ¥ tanA tanB 0 ( ) cotB + cotA

FACTORISATION OF THE SUM OR DIFFERENCE OF TWO SINES OR COSINES

C-D C+D C-D
(a) sinC +sinD =2 sin C;D cos 2 (b) sinC —sinD =2 cos ; sin 5
C+D -D C+D C-D
(¢) cosC + cosD =2 cos 2 cos C2 (d) cosC —cosD=-2sin 5 sin 5

TRANSFORMATION OF PRODUCTS INTO SUM OR DIFFERENCE OF SINES &
COSINES:

(a) 2 sinA cosB =sin(A+B) + sin(A—-B) (b) 2 cosA sinB =sin(A+B) — sin(A—-B)
(¢) 2 cosA cosB =cos(A+B) + cos(A—B) (d) 2 sinA sinB = cos(A—B) —cos(A+B)

MULTIPLE ANGLES AND HALF ANGLES :
(a) sin2A =2 sinA cosA ; sinf=2 sin% cos%
()  cos2A =cos?A —sin?A =2cos’A—1=1-2sin’A ;

cos 0 = coszg - sinzg = 20052% _ SR ek
. 1—cos2A
2 cos?lA=1+cos2A, 2sin?A=1—-cos2A ;tanlA= ———
o o 1+ cos2A
2c0525 =1+cosf , 2 sinzz =1-cosO
2tanA 2tan(6/2)
c tan2A= ——— ; tan0=—">5
© ]-tan® A 1-tan’(6/2)
2tanA —tan?
@ sin2A= """ | cos2A= lta—nzA (¢) sin3A=3sinA—4sin’A
I+tan” A I+tan” A 3
3A =4 cos’A -3 cosA (g tan3A= A anA
@ cos & 1-3tan’A

THREE ANGLES:
@) tan (A+B+C) = tanA+tanB+tanC—tanAtanBtanC
l1-tanAtanB—tanBtanC—tanCtanA
NotE IF: (i) A+tB+C=m then tanA + tanB + tanC =tanA tanB tanC

(ii) A+tB+C= ki then tanA tanB + tanB tanC + tanC tanA =1
2

(b) If A+B+C=mn then : (i) sin2A +sin2B +sin2C = 4 sinA sinB sinC
B C
(i) sinA + sinB +sinC =4 cos By cosE cosz

MAXIMUM & MINIMUM VALUES OF TRIGONOMETRIC FUNCTIONS:
(@)  Min. value of a’tan’0 + b?cot?0 =2ab where 0 € R

(b)  Max. and Min. value of acos® +bsin@ are /42 , 1,2 and—,/32 4 12
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If f(6) = acos(a. + 0) + bcos(P + 0) where a, b, o and [ are known quantities then

—\/a2 +b? +2abcos(a —p) <f(6) < \/a2 +b? +2abcos(a -B)
(d) IfA, B, C are the angles of a triangle then maximum value of
sinA +sinB +sinC and sinA sinB sinC occurs when A=B = C = 60°

(e) In case a quadratic in sin@ or cos0 is given then the maximum or minimum values can be
interpreted by making a perfect square.

SUM OF SINE OR COSINE OF n ANGLES :

) ) ) ) — Sln7B i n-1
sina +sin (o + ) +sin(a+2B ) + ...... +s1n(0t+n—1[3)= —p sin Ot+7l3

np
e sin— n—1
cosa+cos(a+P)+cos(a+2B)+.... + cos (a +n-1 B) = cos(OhLTBj

TRIGONOMETRIC EQUATION

THINGS TO REMEMBER :

1.

AU S

If sin@=sinat = 0=nn+(-1)"a where a € {—g,g} ,nel .

If cosO=cosa = 0=2n7m £+ oo where o« € [0, n], nel .

If tan@=tano = O=nn + a wherea € (_E,E] ,nel.
2°2

If sin?0 = sina= 0 = nmt +a.

cos?0 = cos’aa = 0 =nmw = a.

tan’0 = tan’a0 = 0 = nmw £ a. [ Note: a is called the principal angle ]

TYPES OF TRIGONOMETRIC EQUATIONS :
(a) Solutions of equations by factorising. Consider the equation ;
(2 sinx —cosx) (1 +cosx)=sin*x ; cotx —cosx =1 — cotx cosx
(b) Solutions of equations reducible to quadratic equations. Consider the equation :

3cos?x—10cosx+3=0 and 2sin’x+ /3 sinx+1=0
(©) Solving equations by introducing an Auxilliary argument. Consider the equation :

SinX +cosx=,/2 ; 43 cosx+sinx=2 ;secx—1=(42 —1) tanx

Note : Trigonometric equation of the form a sinx +b cosx =c¢ can also be solved by changing sinx and

&

cosx into their corresponding tangent of half the angle.

(e) Solving equations by transforminga product of trigonometric functions into a sum.
Consider the equation :

) Solving equations by a change of variable :
@) Equations of the form of a.sinx+b.cosx+d=0, where a,b & d are real
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numbers & a,b=0 canbe solved by changing sin x & cos x into their corresponding
tangent of halfthe angle. Consider the equation 3 cosx +4 sinx =35.

(i1) Many equations can be solved by introducing a new variable . eg. the equation
sin* 2 x + cos* 2x =sin 2x . cos 2 x changes to

1
2(y+1) (y—gj =0 by substituting, sin2x.cos2x=y.

(2 Solving equations with the use of the Boundness of the functions sinx & cosx or by
making two perfect squares. Consider the equations :

sin X (cos%— 2sinx] + (1+sin%—2cosxj .cosx=0 ;

4 11
sin’x + 2tan’x + 7 tanx — sinx + —— 0
IMPORTANT POINTS :
1. Many trigonometrical equations can be solved by different methods. The form of solution obtained in

different methods may be different. From these different forms of solutions, the students should not
think that the answer obtained by one method are wrong and those obtained by another method are
correct. The solutions obtained by different methods may be shown to be equivalent by some
supplementary transformations.

To test the equivalence of two solutions obtained from two methods, the simplest way is to put values
ofn=... -2,-1,0,1,2,3....... etc. and then to find the angles in [0, 27]. If all the angles in both
solutions are same, the solutions are equivalent.

2. While manipulating the trigonometrical equation, avoid the danger of losing roots. Generally, some
roots are lost by cancelling a common factor from the two sides of an equation. For Ex., suppose we
have the equation tanx =2 sinx. Here by dividing both sides by sinx, we get cosx = 1/2. This is not
equivalent to the original equation. Here the roots obtained by sinx = 0, are lost. Thus in place of
dividing an equation by a common factor, the students are advised to take this factor out as a common
factor from all terms of the equation.

3. While equating one of the factors to zero, take care of the other factor that it should not become infinite.
For Ex., if we have the equation sinx = 0, which can be written as cos x tan x = 0. Here we cannot put
cosx =0, since for cos x =0, tanx = sinx/ cosx is infinite.

4. Avoid squaring : When we square both sides of an equation, some extraneous roots appear. Hence
it is necessary to check all the solutions found by substituting them in the given equation and omit the
solutions not satisfying the given equation.

For Ex. : Consider the equation,

sin@+cos0=1 .. (1)
Squaring we get
1+sin20=1 or sin20=0 ... (2)
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1.e.20=nm  or 0 =nn/2,

. _ L3
This gives 6 =0, 5o T s e

. . 3 . . .
Verification shows that w and 7“ do not satisfy the equation as sin Tt +cosnt=—1,# 1

and sin 3771 + (:05377t =—1, #1.
The reason for this is simple.
The equation (2) is not equivalent to (1) and (2) contains two equations : sin 0 +cos 0= 1
and sin® + cos 0 =— 1. Therefore we get extra solutions.

Thus if squaring is must, verify each of the solution.

Some necessary restrictions :
If the equation involves tanx, secx, take cosx # 0. If cot x or cosec x appear, take sinx # 0.
Iflog appear in the equation, i.e. log [f(0)] appear in the equation, use f(0) > 0 and base of log>0, # 1.

Also note that /[f(0)] is always positive, for EX. \/sin2g =|[sin 6|, not+sin 6.
Verification : Student are advice to check whether all the roots obtained by them satisfy the equation

and lie in the domain of'the variable of the given equation.

TRIGONOMETRIC INEQUALITIES : There is no general rule to solve a Trigonometric inequations
and the same rules of algebra are valid except the domain and range of trigonometric functions should
be kept in mind.

. . 1
Consider the Ex.s : logz(smg) <-1;sin X[COSX +Ej <0; +/5-2sin2x >6sinx—1
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